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PSEUDO-ROTATIONS WITH SUFFICIENTLY
LIOUVILLEAN ROTATION NUMBER ARE C0-RIGID.
BARNEY BRAMHAM
Abstract. It is an open question in smooth ergodic theory whether
there exists a Hamiltonian disk map with zero topological entropy and
(strong) mixing dynamics. Weak mixing has been known since Anosov
and Katok first constructed examples in 1970. Currently all known
examples with weak mixing are irrational pseudo-rotations with Liou-
villean rotation number on the boundary. Our main result however
implies that for a dense subset of Liouville numbers (strong) mixing
cannot occur. Our approach involves approximating the flow of a sus-
pension of the given disk map by pseudoholomorphic curves. Ellipticity
of the Cauchy-Riemann equation allows quantitative L2-estimates to be
converted into C0-estimates between the pseudoholomorphic curves and
the trajectories of the flow on growing time scales. Arithmetic properties
of the rotation number enter through these estimates.
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1. Introduction
1.1. Statement of results. Pesin theory [17] shows that, at least in low
dimensions, smooth conservative systems with positive metric entropy have
ergodicity on sets of positive measure. It is a delicate question how “wild” a
smooth system can be if on the other hand it has vanishing metric entropy,
or stronger, vanishing topological entropy.
In 1970 Anosov and Katok [2] constructed examples of smooth Hamilton-
ian disk maps which, despite having zero topological entropy, were ergodic.
They even found weak mixing examples. The next level in the ergodic hierar-
chy, that of mixing*, has remained an open question. In the very interesting
article of Fayad and Katok [9] this is stated as Problem 3.1 as follows:
*From here on we use exclusively the term mixing as defined in equation (3). There
are sources in the literature where this notion is referred to as strong mixing, e.g. [20].
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Question 1. Does there exist a mixing area preserving diffeomorphism
of the closed 2-disk D = {(x, y) ∈ R2|x2 + y2 ≤ 1} with zero topological (or
metric) entropy?
Since 1970 the picture has somewhat clarified, and we recall the develop-
ments*.
First, in 1975 Kocˇergin [16] showed that for any compact surface of genus
g ≥ 1, mixing examples with vanishing topological entropy do exist. This is
pointed out in [9], where they remark that it is not known for the sphere.
To describe the developments on the disk we recall the following definition.
Definition 1. An irrational pseudo-rotation is an area and orientation pre-
serving diffeomorphism ϕ ∈ Diff∞(D) of the closed 2-disk fixing the origin
and having no other periodic points.
Note that the circle map obtained by restricting an irrational pseudo-
rotation to the boundary of the disk automatically has irrational rotation
number, hence the terminology.
Irrational pseudo-rotations are the source of all known Hamiltonian disk
maps with zero topological entropy that display weak mixing (or even er-
godicity), and is therefore the natural place to look for mixing examples.
Work of Herman and Fayad-Saprykina however refine the search for mixing
examples much further.
To describe these results let Aα denote the set of irrational pseudo-
rotations having rotation number α on the boundary of the disk, where
α ∈ R/Z is irrational. Recall that α ∈ R is a Liouville number if it is ir-
rational and for all k ∈ N there exists (p, q) ∈ Z × N relatively prime for
which
(1)
∣∣∣∣α− pq
∣∣∣∣ < 1qk .
In this paper we will denote the set of all Liouville numbers by L. These
form a dense set of measure zero in R. The set of irrational numbers not in
L are called Diophantine, and we will denote these by D.
Anosov and Katok [2] showed that for α in a dense subset of the Liou-
ville numbers Aα contains a weakly mixing element. For α a Diophantine
number Herman showed in unpublished work, although see also [10], that
every element of Aα has invariant circles near the boundary of the disk,
and in particular cannot be mixing in any sense. Finally in 2005 Fayad and
Saprykina [11] constructed weak mixing examples in Aα for all α ∈ L.
*In fact the seeds of this question originate much earlier in 1930 with a construction of
Shnirelman [19]. He found a smooth disk map (not area preserving) with a dense orbit.
Apparently Ulam was also interested in questions of this nature. In the Scottish Book
[18], circa 1935, problem 115, Ulam asks whether there exists a homeomorphism of Rn
with a dense orbit. Besicovitch answered this affirmatively for tranformations of the plane
[3] in 1951. Shnirelman’s construction is discussed also in [9]
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To summarize then, the current situation for disk maps is thatAα contains
a weak mixing disk map if and only if α is a Liouville number.
Our results apply to the following subset of the Liouville numbers. We
say that an irrational number α ∈ R is in L∗ if for all k ∈ N, there exists
(p, q) ∈ Z× N relatively prime, such that
(2)
∣∣∣∣α− pq
∣∣∣∣ < 1ekq .
Remark 1. L∗ is a dense subset of L, see appendix A.2.
Using pseudoholomorphic curve techniques from symplectic geometry we
will prove the following.
Theorem 1. Let ϕ : D → D be an irrational pseudo-rotation with boundary
rotation number in L∗. Then ϕ is C
0-rigid. That is, there exists a sequence
of iterates ϕnj that converge to the identity map in the C0-topology as nj →
∞.
As an immediate consequence we have:
Corollary 1. If ϕ is an irrational pseudo-rotation with its boundary rotation
number in L∗ then ϕ is not mixing.
Remark 2. In fact such a ϕ is not even topologically mixing. Recall that
a transformation ϕ : D → D is topologically mixing if for all open sets
U, V ⊂ D, ϕ−n(U) ∩ V is non-empty for all n sufficiently large. This is
implied by mixing with respect to Lebesgue measure.
To see how corollary 1 follows from theorem 1 we recall the notion of
mixing. Let µ denote Lebesgue measure on the disk, normalized so that
µ(D) = 1. A µ-measure preserving map ϕ : D → D is said to be mixing if
(3) lim
n→∞
µ(ϕ−n(A) ∩B) = µ(A)µ(B)
for any pair of Lebesgue measurable sets A,B ⊂ D. In comparison, ϕ is
weak mixing if
(4) lim
n→∞
n−1∑
j=0
∣∣∣µ(ϕ−j(A) ∩B)− µ(A)µ(B)∣∣∣ = 0.
for all Lebesgue measurable A,B ⊂ D.
Proof of corollary 1. Let ϕ be an irrational pseudo-rotation with boundary
rotation number in L∗. By theorem 1, ϕ
nj → idD in the C
0-topology for
some subsequence nj → +∞. Therefore also ϕ
−nj → idD. Take any two
disjoint compact measurable sets A,B ⊂ D, each having non-zero measure.
These are a positive distance apart. For all j sufficiently large ϕ−nj(A) is
therefore disjoint from B. On the other hand µ(A)µ(B) > 0. So the limit
in (3) cannot hold, and therefore ϕ cannot be mixing. 
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Theorem 1 raises the question whether irrational pseudo-rotations with
arbitrary Liouvillean rotation number are C0-rigid. However, naively it
would seem at least as plausible for Diophantine numbers, since the Liou-
villean case typically permits “wilder” behavior. This suggests then the
following open question.
Question 2. Is every irrational pseudo-rotation C0-rigid? In other words,
if ϕ : D → D is any irrational pseudo-rotation, must there exist a sequence
of iterates ϕnj converging to the identity map in the C0-topology?
Note that answering this question affirmatively for Diophantine rotation
numbers is a necessary condition for an affirmative answer to the following
question of Herman, which remains open. Herman [14] in 1998 asked:
Question 3. If α ∈ D is Diophantine, is every element of Aα smoothly
conjugate to the rigid rotation R2piα?
Fayad and Krikorian [10] have successfully answered Herman’s question
for irrational pseudo-rotations sufficiently close, in a differentiable sense, to
the rigid rotation with the same rotation number.
1.2. Using a PDE to approximate an ODE. The idea of the proof
of theorem 1 can be described well on the level of partial and ordinary
differential equations.
Let ϕ ∈ Diff∞(D,ω0) be an irrational pseudo-rotation and α ∈ R/Z the
rotation number on the boundary. Let Ht ∈ C∞(D,R) be a closed loop
of Hamiltonians generating ϕ, over t ∈ R/Z. Denote the corresponding
Hamiltonian vector fields on D by XHt . Informally we find a sequence
of “approximating” (also time-dependent) vector fields on the disk, which
converge in C0,
(5) Xtn → XHt
as n → ∞. The trajectories of Xtn will close up in time n by construction.
If the convergence is sufficiently fast this behavior will be reflected in the
trajectories of XHt , and the identity map will be an accumulation point for
the sequence {ϕn}n∈N.
For each n ∈ N the vector field Xtn arises as follows. One can “fill” the
disk by a family Mn of solutions z : R
+×R/nZ→ D to the Floer equation
(6) ∂sz(s, t) + i
(
∂tz(s, t)−XHt(z(s, t))
)
= 0.
These solutions arise from a foliation of the 4-manifold R × R/nZ × D by
pseudoholomorphic curves constructed in [6]. For each t a unique solution
passes through every point of the disk, and informally we can define a time-
dependent vector field {Xtn}t∈R/Z on D, by declaring
Xtn(zn(s, t)) := ∂tzn(s, t)
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for all the solutions zn in Mn. The trajectories of this vector field are all
n-periodic because of the cylindrical domain of each zn. The convergence in
(5) arises as follows. We can suggestively rewrite equation (6) as
(7) ∂szn + i
(
Xtn(zn)−XHt(zn)
)
= 0.
It turns out that for such a solution zn, there is a nice expression for the
L2-norm of the first term in (7). Indeed, if we arrange for the right boundary
behavior for the solutions zn then
∫
∞
s=0
∫ n
t=0
∣∣∣∣∂zn∂s (s, t)
∣∣∣∣
2
dsdt = {nα}pi,
where {nα} denotes the fractional part of nα ∈ R. Since α is irrational
there exists a subsequence {njα} → 0 as j → ∞. Thus, the left-most term
in (6) decays to zero uniformly in an L2-sense for such a subsequence. Using
the ellipticity of the equation this can be strengthened to convergence in an
L∞-sense (in fact in a C∞-sense but we do not use this). From (7) it follows
that |Xtnj −XHt |L∞ → 0 as j →∞.
The Liouvillean condition on the rotation number α enters the estimates
because the rate of convergence on growing time scales depends on the rate
at which {njα} → 0.
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2. Preliminaries
We will study an irrational pseudo-rotation ϕ ∈ Diff∞(D,ω0) as generated
by a time-dependent Hamiltonian H ∈ C∞(R/Z × D,R). This means the
following. For each t ∈ R/Z abbreviate
Ht := H(t, ·) ∈ C∞(D,R)
and let XHt be the unique C
∞-smooth vector field on D satisfying
ω0(XHt(ξ), ·) = −dH
t(ξ)
at ξ ∈ D. If this vector field is tangent to the boundary of the disk then it
generates a 1-parameter family of symplectic diffeomorphisms
R ∋ t 7→ φtH ∈ Diff
∞(D,ω0)
where for each ξ ∈ D, the curve t 7→ φtH(ξ) is the unique solution to

d
dt
φtH(ξ) = XHt(φ
t
H(ξ))
φ0H(ξ) = ξ.
In particular φ0H = idD. We say that the Hamiltonian H generates the disk
map ϕ if φ1H = ϕ. It is well known that any element of Diff
∞(D,ω0) can be
generated in this manner by some suitable Hamiltonian H *. In particular,
any irrational pseudo-rotation.
So suppose thatH ∈ C∞(R/Z×D,R) generates a given irrational pseudo-
rotation ϕ ∈ Diff∞(D,ω0). By assumption ϕ has a unique fixed point 0 ∈ D,
and without loss of generality we may find H so that 0 ∈ D is a rest point
for each vector field XHt , t ∈ R/Z. Thus for each n ∈ N the unique n-
periodic solution γ : R → D to γ˙(t) = XHt(γ(t)) is the constant trajectory
γ(t) ≡ 0 ∈ D.
The map ϕ : D → D restricts to an orientation preserving diffeomorphism
on the boundary circle, ϕ|∂D : ∂D → ∂D. By assumption ϕ|∂D has no
periodic points and therefore its rotation number Rot(ϕ) ∈ R/Z is irrational.
Since we have also fixed a Hamiltonian H generating ϕ, this allows us to
associate a preferred real number, that we will denote by
Rot(ϕ;H) ∈ R,
with the property that the induced element on the circle [Rot(ϕ;H)] ∈ R/Z
is equal to Rot(ϕ). See definition 5 in [6].
Let R+ = [0,∞). For each n ∈ N, let
M(H,n)
*If ψ ∈ Diff∞(D, ω0) is the identity map on the boundary up to first order then an
isotopy from ψ to idD in Diff
∞(D) can be converted to a symplectic isotopy using a
Moser type argument. For a general map ψ ∈ Diff∞(D,ω0) the first step therefore is to
symplectically “straighten up” at the boundary. That is, find a symplectic isotopy from
ψ to a map ψˆ ∈ Diff∞(D, ω0) where ψˆ is the identity map on the boundary up to first
order. That is, for all ξ ∈ ∂D ψˆ(ξ) = ξ and Dψˆ(ξ) = idR2 . This is easy to arrange.
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denote the set of solutions z ∈ C∞(R+ × R/nZ,D) to the Floer equation
(8) ∂sz(s, t) + i
(
∂tz(s, t)−XHt(z(s, t))
)
= 0
for all (s, t) ∈ R+ × R/nZ, where i is the standard complex structure on
D inherited from the complex plane, which satisfy the following asymptotic
and boundary conditions:
(9)


lim
s→∞
z(s, t) = 0 for all t ∈ R/nZ
z(0, t) ∈ ∂D for all t ∈ R/nZ
z(0, ·) : R/nZ→ ∂D has degree ⌊nα⌋.
Note that the asymptotic condition that the loops z(s, ·)→ 0 in C0(R/nZ,D)
as s→∞ is equivalent to finiteness of the Floer energy of z:
(10) EFloer(z) :=
∫
∞
s=0
∫ n
t=0
∣∣zs(s, t)∣∣2 + ∣∣zt(s, t)−XHt(s, t)∣∣2dsdt,
because there is only one n-periodic orbit of the Hamiltonian vector field.
The norm in the integrand is from the standard Euclidean metric. Similarly,
in the rest of the paper, all Sobolev and Cr function spaces for maps into
D ⊂ R2 are with respect to the standard Euclidean norm on R2.
The existence result we use is the following.
Theorem 2. For each n ∈ N the space of solutions M(H,n) is non-empty,
and the following holds:
• Filling property: For all p ∈ D\{0} there exists a solution z ∈
M(H,n) such that p lies in the image of z.
• L2-estimates: For all z ∈ M(H,n),
(11) ‖∂sz‖
2
L2([0,∞)×R/nZ) = {nα}pi
where for x ∈ R, {x} ∈ [0, 1) denotes its fractional part.
• C∞-bounds: Let nj be a subsequence for which {njα} → 0 as j →
∞. For all r ∈ N, there exists br ∈ (0,∞) such that
(12) ‖∇z‖Cr([0,∞)×R/njZ) ≤ br
for all z ∈ M(H,nj), uniformly in j.
These solutions arise from a foliation of the 4-manifold R × R/nZ × D
by pseudoholomorphic curves; the disk component of each solution to the
Cauchy-Riemann equation satisfies this Floer equation if the former has
finite energy (Gromov’s trick in reverse). We explain this in section 4, and
thus how theorem 2 follows from a construction in [6].
Remark 3. The number α in theorem 2 can be any irrational; no Liouville
condition is assumed at this point.
To use this to prove our main result we will need two lemmas. The first
is the following Sobolev type inequality.
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Lemma 3. Fix d ∈ N. There exists c > 0, so that for all n ∈ N = {1, 2, . . .},
‖f‖2L∞ ≤ c‖f‖L2‖f‖W 1,∞
for all f ∈ C∞c (R
+ × R/nZ,Rd). We emphasize that c is independent of n.
This is proven in appendix A.1. The second lemma we require is:
Lemma 4. Suppose that x : [0, T ]→ [0,∞) is a continuous function, some
T ≥ 0, for which there exist constants a, b ≥ 0 such that for all t ∈ [0, T ]
(13) x(t) ≤ a+ b
∫ t
0
x(s)ds.
Then
(14) x(t) ≤ aebt
for all t ∈ [0, T ].
This is a version of the familiar Gronwall inequality. For a proof see for
example lemma 6.1 in [1].
3. Proof of C0-rigidity
In this section we prove theorem 1. Recall that this said the following:
Theorem 5. If ϕ : D → D is a pseudo-rotation with rotation number in L∗
then ϕnj → idD in the C
0-topology, for some sequence of integers nj → +∞.
Remark 4. Obviously a necessary condition for ϕ in theorem 5 to be rigid
in this sense is that its restriction to the boundary ϕ|∂D : ∂D → ∂D be
rigid. Indeed any sufficiently smooth (e.g. C2) orientation preserving dif-
feomorphism f : ∂D → ∂D with irrational rotation number is topologically
conjugate to a rigid rotation and therefore C0-rigid. Clearly this line of argu-
ment will not apply for the general pseudo-rotations as any ergodic example
cannot be conjugated to a rigid rotation.
Our main tool in the proof is theorem 2 from the previous section. To
use this we fix a Hamiltonian H ∈ C∞(R/Z × D,R) whose time-one map
is the given pseudo-rotation ϕ. By assumption the rotation number of the
circle map ϕ|∂D is an element of L∗/Z ⊂ R/Z. With respect to H we have
a canonical lift
α := Rot(ϕ;H) ∈ L∗ ⊂ R.
As α ∈ R is irrational every point in the interval [0, 1] is an accumulation
point of its sequence of fractional parts {{nα}}n∈N. In particular zero is and
so there exists a subsequence nj →∞ such that {njα} → 0 as j →∞.
Since moreover α belongs to the subset of Liouville numbers L∗ we know
that for every j ∈ N there exists (pj , nj) ∈ Z×N such that
0 <
∣∣∣∣α− pjnj
∣∣∣∣ < 1ejnj .
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Taking a further subsequence we may assume that
(15) {njα} ≤
nj
ejnj
for all j ∈ N.
Remark 5. It is apriori possible that we can only conclude that 1−{njα} ≤
nj
ejnj
for all j ∈ N. In this case there are two ways to proceed. Simplest is
to replace ϕ by its inverse ϕ−1. Then (15) will hold where α is the rotation
number of ϕ−1, and so the remainder of our arguments will show that ϕ−1
is C0-rigid. Which is equivalent to ϕ being C0-rigid. A more natural way to
handle this possibility is to work with a version of theorem 2 for solutions z
of the Floer equation for which the degree of the map z(0, ·) : R/nZ→ ∂D
is ⌈nα⌉, compared with (9). Then the remaining arguments would apply to
ϕ directly.
Recall that, given the Hamiltonian H, we defined for each n ∈ N the
moduli space M(H,n), see (8) and (9). In particular, if zj ∈ C
∞(R+ ×
R/njZ,D) belongs to M(H,nj) then
∂szj + i
(
∂tzj −XHt(zj)
)
≡ 0(16)
‖∂szj‖
2
L2 = {njα}pi(17)
‖∂szj‖C1 ≤ b(18)
for some constant b ∈ (0,∞) depending only on the Hamiltonian H.
Proof of theorem 5. We break this down into three steps. All functional
norms are on the entire domain, e.g. ‖∂szj‖L2 = ‖∂szj‖L2(R+×R/njZ).
Step 1: By the interpolation inequality lemma 3 there exists c ∈ (0,∞)
independent of everything, so that
‖∂szj‖
2
L∞ ≤ c‖∂szj‖L2‖∂szj‖W 1,∞
for all zj ∈ M(H,nj). So by (17) and (18),
‖∂szj‖
2
L∞ ≤ c{njα}
1/2pi1/2b.
Thus,
(19) ‖∂szj‖L∞ ≤M{njα}
1/4
where M = (cb)1/2pi1/4 is a constant depending only on the loop of Hamil-
tonians Ht.
Step 2: Let p ∈ D\{0}. For each j there exists a solution zj ∈ M(H,nj)
whose image contains p. This was from theorem 2. Thus, after reparame-
terizing if necessary, zj(s, 0) = p for some s = sj ∈ R
+.
Let t 7→ φtH(p) be the 1-parameter family of diffeomorphisms on the disk
generated by the loop of Hamiltonians Ht. For all t ∈ R,
zj(s, t)− φ
t
H(p) =
∫ t
0
∂τ zj(s, τ)−XHτ (φ
τ
H(p))dτ.
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Thus,
|zj(s, t)− φ
t
H(p)| ≤
∫ t
0
|∂τ zj(s, τ)−XHτ (φ
τ
H(p))|dτ
≤
∫ t
0
|∂τ zj(s, τ)−XHτ (zj(s, τ))|dτ +
+
∫ t
0
|XHτ (zj(s, τ))−XHτ (φ
τ
H(p))|dτ
≤
∫ t
0
|∂szj(s, τ)|dτ +
∫ t
0
‖DXHτ ‖|zj(s, τ))− φ
τ
H(p)|dτ
≤Ajt+B
∫ t
0
|zj(s, τ)) − φ
τ
H(p)|dτ
where B = maxτ∈R/Zmaxξ∈D‖Hess(H
τ )(ξ)‖ and
Aj = ‖∂szj‖L∞ .
Applying the Gronwall inequality lemma 4,
|zj(s, t)− φ
t
H(p)| ≤ Ajte
Bt
for all t ≥ 0. In particular, as zj is nj-periodic in the t-variable, |p−ϕ
nj (p)| =
|zj(s, 0) − φ
nj
H (p)| = |zj(s, nj) − φ
nj
H (p)| ≤ Ajnje
Bnj . By step 1 we have an
estimate on Aj , from which we obtain
|p − ϕnj (p)| ≤M{njα}
1/4nje
Bnj .
The right hand side is independent of p ∈ D\{0}, and so
(20) dC0(ϕ
nj , idD) ≤M{njα}
1/4nje
Bnj
for all j ∈ N.
Step 3: It remains to use the Liouville condition on α. Substituting (15)
into (20) we obtain
dC0(ϕ
nj , idD) ≤M
n
1/4
j
ejnj/4
nje
Bnj .
The right hand side decays to zero because B is finite. This completes the
proof of theorem 5. 
4. Proof of theorem 2
In this section we explain how theorem 2 follows from the existence of
certain finite energy foliations constructed in [6].
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4.1. From the disk to mapping tori. On the symplectic manifold (D,ω0 =
dx∧ dy) we have a time-dependent Hamiltonian H ∈ C∞(R/Z×D,R) gen-
erating a given irrational pseudo-rotation ϕ : D → D. That is, ϕ is the
time-one map of the 1-parameter family of symplectic diffeomorphisms gen-
erated by a path of Hamiltonian vector fields XHt on the disk, as described
in section 2.
Consider the autonomous vector field on the infinite tube Z∞ := R×D;
R(τ, z) := ∂τ +XHτ (z)
at (τ, z) ∈ R × D. The transformation T : Z∞ → Z∞, (τ, z) 7→ (τ − 1, z)
leaves R invariant due to the periodicity of Ht = H(t, ·) in the t-variable.
Therefore, for each n ∈ N, R descends to a vector field Rn on the quotient
space
Zn := R/nZ×D,
and by a slight abuse of notation we will write (τ, z) for coordinates on Zn.
The disk slice {0}×D ⊂ Zn is a global Poincare´ section to the flow of Rn and
the first return map is the n-th iterate of the pseudo-rotation ϕn : D → D.
4.2. To almost complex manifolds. To each mapping torus (Zn, Rn),
n ∈ N, we associate an almost complex 4-manifold (Wn, Jn) as follows. Set
Wn := R× Zn = R× R/nZ×D
equipped with coordinates (a, τ, z). Let Jn be the unique almost complex
structure on Wn characterized by the conditions{
Jn(a, τ, z)∂R = Rn(τ, z)
Jn(a, τ, z)|TD = i
for all (a, τ, z) ∈ Wn, where ∂R is the vector field dual to the R-coordinate
on Wn. Recall that i is the standard complex structure on D as a subspace
of the complex plane C. Consider the 2-tori
Lc := {c} × ∂Zn = {c} ×R/nZ× ∂D
over c ∈ R, which foliated the boundary of Wn. Each Lc is totally real with
respect to Jn. That is, TpLc ⊕ Jn(p)(TpLc) = TpWn for all p ∈ Lc.
4.3. The pseudoholomorphic curves. For each n ∈ N let
M(Jn)
denote the set of solutions u˜ = (a, τ, z) ∈ C∞(R+ × R/nZ,Wn) to the
Cauchy-Riemann equation
(21) ∂su˜(s, t) + Jn(u˜(s, t))∂tu˜(s, t) = 0
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for all (s, t) ∈ R+ × R/nZ, with the following boundary conditions: there
exists c ∈ R such that

u˜(0, t) ∈ Lc for all t ∈ R/nZ
z(0, ·) : R/nZ→ ∂D has degree ⌊nα⌋
τ(0, ·) : R/nZ→ ∂R/nZ has degree + 1,
and which additionally satisfy the following finite energy conditions
Eλ(u˜) <∞ and Eω(u˜) <∞
which we explain now. If u˜ is a solution to (21) then the following integrals
have well defined values in R+ ∪ {+∞}.
Eλ(u˜) := sup
ψ
∫
R+×R/nZ
u˜∗
(
ψ(a)da ∧ dτ
)
where the supremum is taken over all ψ ∈ C∞(R,R+) for which
∫
∞
−∞
ψ(s)ds =
1.
Eω(u˜) :=
∫
R+×R/nZ
u˜∗ωn
where ωn is the differential 2-form ωn := dx ∧ dy + dτ ∧ dH on Zn. Indeed,
the pull-back 2-forms u˜∗
(
ψ(a)da∧dτ
)
and u˜∗ωn are pointwise non-negative
multiples of ds ∧ dt on the domain R+ × R/nZ.
Remark 6. These two energies Eλ(u˜) and Eω(u˜) come from the compactness
theory in [4] developed for symplectic field theory where they are defined for
pseudoholomorphic maps in much more general settings. In particular if M
is an oriented compact 3-manifold equipped with a pair of differential forms
(ω, λ) with the following properties: (1) ω is a closed 2-form, λ is a 1-form,
(2) λ∧ω > 0, (3) that ker(ω) ⊂ ker(dλ). Such a pair (ω, λ) is called a stable
Hamiltonian structure on M , see [8] for examples and properties. Then
there is a suitable class of so called cylindrical, symmetric almost complex
structures on R × M which satisfy a compatibility condition with ω and
λ. With respect to such almost complex structures there are two notions
of energy for a pseudoholomorphic curve v˜, commonly written Eω(v˜) and
Eλ(v˜). The spaces of curves with a uniform bound on both of these energies
enjoys a nice compactness theory. In this paper M is Zn = R/nZ ×D for
any n ∈ N, and the stable Hamiltonian structure on Zn is (ωn, λn) where ωn
is the 2-form above and λn = dτ .
4.4. To Floer trajectories. Recall the following relation between pseudo-
holomorphic curves with finite λ-energy and solutions to Floer’s equation.
For a proof see lemma 6 in [6].
Lemma 6. Let n ∈ N and suppose u˜ ∈ C∞(R+ × R/nZ,Wn). Then u˜ ∈
M(Jn) if and only if
u˜(s+ s0, t+ t0) = (s, t, z(s, t))
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for some z ∈ M(H,n) and (s0, t0) ∈ R × R/nZ. The energies are then
related by
(22)
{
Eλ(u˜) = n
Eω(u˜) = EFloer(z),
where EFloer(z) is the energy from Floer theory defined by (10).
Because of this lemma, theorem 2 which is a statement about the spaces
M(H,n), is an immediate consequence of the following statement about the
spaces M(Jn).
Theorem 7. Let ϕ be an irrational pseudo-rotation, and H a generating
Hamiltonian. Let α := Rot(ϕ;H) be the real valued rotation number on
the boundary. So α ∈ R is irrational. Then for each n ∈ N there exists a
foliation Fn of Wn = R× Zn by surfaces which can be described as follows:
• The cylinder
Cn :=
{
(a, τ, 0) ∈ R× Zn | a ∈ R, τ ∈ R/nZ
}
is a leaf in Fn.
• Each leaf in Fn besides Cn is the image of a solution u˜ ∈ M(Jn)
satisfying
(23) Eω(u˜) = {nα}pi.
• Let nj be a subsequence for which {njα} → 0 as j → ∞. For all
r ∈ N there exists Br ∈ (0,∞) such that for all u˜ ∈ M(Jnj ),
(24) ‖∇u˜‖Cr(R+×R/njZ) ≤ Br
uniformly in j.
Proof. The existence of each Fn as a foliation whose leaves consist of the
cylinder Cn and half cylinders parameterized by elements ofM(Jn) is imme-
diate from theorem 8 in [6]. That each u˜ ∈ M(Jn) satisfies Eω(u˜) = {nα}pi
is lemma 9 in [6]. Finally the uniform Cr-bounds (24) follow from corollary
24 and proposition 22 in [6]. 
Appendix A.
A.1. A Sobolev inequality. In this section we prove lemma 3. We first
consider maps with domain the half plane R+ × R, and then modify for
cylinders R+ × R/nZ. It is important for us that the Sobolev constant be
independent of the period n of the domain.
All function spaces will implicitely mean real valued functions, e.g. L∞(R2) =
L∞(R2,R). Then lemma 3 for maps into Rd will follow by applying the con-
clusions to each component. As usual, C∞c (Ω) means elements of C
∞(Ω)
having compact support.
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Lemma 8. There exists C > 0 so that
‖f‖2L∞(R2) ≤ C‖f‖L2(R2)‖Df‖L∞(R2)
for all f ∈ C∞c (R
2). The same statement holds if we replace R2 by R+ × R
with no boundary conditions required.
Proof. Let f ∈ C∞c (R
2), p ≥ 0 a real number, and (x, y) ∈ R2. Then
|f(x, y)|p+1 ≤
∫ x
−∞
|∂1(f(s, y))
(p+1)|ds
≤ (p+ 1)‖∂1f‖L∞(R2)
∫
R
|f(s, y)|pds.(25)
Applying this with p = 3,
(26) |f(x, y)|4 ≤ 4‖Df‖L∞(R2)
∫
R
|f(s, y)|3ds.
While applying (25) with p = 2,
(27) |f(s, y)|3 ≤ 3‖Df‖L∞(R2)
∫
R
|f(s, t)|2dt
for each s ∈ R. Substituting (27) into (26),
|f(x, y)|4 ≤ 12‖Df‖2L∞(R2)
∫
R
(∫
R
|f(s, t)|2dt
)
ds
= 12‖Df‖2L∞(R2)‖f‖
2
L2(R2).
Square rooting both sides we are done. When the domain is R+ × R the
same argument goes through almost word for word (this time integrating
from +∞ to x to obtain equation (25)). 
Lemma 9. There exists c > 0 so that for all n ≥ 1,
‖f‖2L∞(R×R/nZ) ≤ c‖f‖L2(R×R/nZ)‖f‖W 1,∞(R×R/nZ)
for all f ∈ C∞c (R×R/nZ). The same statement holds if we replace R×R/nZ
by R+ × R/nZ with no boundary conditions required.
Proof. Let f ∈ C∞c (R× R/nZ). Let f¯ ∈ C
∞(R2) be a lift of f . Then
f¯(x, y + n) = f¯(x, y)
for all (x, y) ∈ R2, and limx→±∞ f¯(x, y) = 0 for all y ∈ R. Pick a smooth
“cut-off function” χ : R→ [0, 1] having support in (−1, n+1), and identically
equal to 1 on [0, n], and such that |χ′(t)| ≤ 2 for all t ∈ R. Define g ∈
C∞c (R
2) by
g(x, y) := χ(y)f¯(x, y).
Then g|R×[0,n] ≡ f¯ |R×[0,n]. Let C > 0 be the embedding constant from
lemma 8. Then,
‖g‖2L∞(R2) ≤ C‖g‖L2(R2)‖Dg‖L∞(R2).
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Therefore,
‖f¯‖2L∞(R×[0,n]) = ‖g‖
2
L∞(R×[0,n])
≤ C‖g‖L2(R2)‖Dg‖L∞(R2)
≤ C‖f¯‖L2(R×[−n,2n])
(
‖χ′f¯‖L∞(R2) + ‖χ(Df¯)‖L∞(R2)
)
using that n ≥ 1,
≤ C3‖f¯‖L2(R×[0,n])
(
2‖f¯‖L∞(R2) + ‖Df¯‖L∞(R2)
)
≤ 6C‖f‖L2(R×R/nZ)
(
‖f‖L∞(R×R/nZ) + ‖Df‖L∞(R×R/nZ)
)
.
In other words,
‖f‖2L∞(R×R/nZ) ≤ 6C‖f‖L2(R×R/nZ)‖f‖W 1,∞(R×R/nZ)
as required. The same argument applies when the domain is R+×R/nZ. 
A.2. L∗ is dense in R. We refer to (2) in the introduction for the definition
of L∗. The following is a well known argument for spaces like L∗.
Lemma 10. L∗ is a dense subset of R.
Proof. For each (p, q) ∈ Z × N relatively prime, and k ∈ N, define the
following punctured open neighborhood of p/q ∈ R:
Ok(p, q) :=
{
x ∈ R
∣∣∣ 0 < ∣∣∣∣x− pq
∣∣∣∣ < 1ekq
}
.
For each k ∈ N the following countable union is therefore also an open subset
of R,
Uk :=
⋃
(p,q)∈Z×N, (p,q)=1
Ok(p, q).
Fix k ∈ N. Then each rational number ω ∈ Q lies in the closure of Uk since
if ω = p/q in lowest form then ω lies in the closure of Ok(p, q). Thus, as the
rationals are dense in R, Uk must be dense in R. This applies to all k ∈ N,
so
L∗ =
⋂
k∈N
Uk
is a countable intersection of open dense subsets of the complete metric
space R. By the Baire category theorem L∗ is therefore dense in R. 
References
[1] H. Amann, Ordinary differential equations: an introduction to non-linear anal-
ysis. Translated from the German by Gerhard Metzen. De Gruyter Studies in
Mathematics. de Gruyter Studies in Mathematics, 13. Walter de Gruyter &
Co., Berlin, 1990.
[2] D. V. Anosov, A. B. Katok, New examples in smooth ergodic theory. Ergodic
diffeomorphisms. Trans. Moscow Math. Soc. 23 (1970), 1-35
[3] A. Besicovitch, A problem on topological transformations of the plane. II.
Proc. Cambridge Philos. Soc. 47, (1951). 38-45.
16 BARNEY BRAMHAM
[4] F. Bourgeois, Y. Eliashberg, H. Hofer, K. Wysocki and E. Zehnder, Com-
pactness results in symplectic field theory. Geom. Topol. 7 (2003), 799-888
(electronic).
[5] B. Bramham, Finite energy foliations with a chosen binding orbit. In prepa-
ration.
[6] B. Bramham, Periodic approximations of irrational pseudo-rotations using
pseudoholomorphic curves, arXiv:1204.4694.
[7] B. Bramham, H. Hofer, First steps towards a symplectic dynamics. Surveys
in Differential Geometry, Vol. 17 (2012), 127-178.
[8] K. Cieliebak, E. Volkov, First steps in stable Hamiltonian topology.
arXiv:1003.5084.
[9] B. Fayad, A. Katok, Constructions in elliptic dynamics. Ergodic Theory Dy-
nam. Systems 24 (2004), no. 5, 1477-1520.
[10] B. Fayad, R. Krikorian, Herman’s last geometric theorem, Ann. Sci. Ecole
Norm. Sup. 42 (2009), 193-219
[11] B. Fayad, M. Saprykina, Weak mixing disc and annulus diffeomorphisms with
arbitrary Liouville rotation number on the boundary. Ann. Sci. E´cole Norm.
Sup. (4) 38 (2005), 339-364.
[12] A. Floer, The unregularized gradient flow of the symplectic action. Comm.
Pure Appl. Math. 41 (1988), no. 6, 775-813.
[13] G. Hedlund, A class of transformations of the plane. Proc. Cambridge Philos.
Soc. 51 (1955), 554-564.
[14] M. Herman, Some open problems in dynamical systems. Proceedings of the
International Congress of Mathematicians, Vol. II (Berlin, 1998). Doc. Math.
1998, Extra Vol. II, 797-808
[15] A. Katok, Lyapunov exponents, entropy and periodic orbits for diffeomor-
phisms. Inst. Hautes E´tudes Sci. Publ. Math. No. 51 (1980), 137-173.
[16] A. Kocˇergin, Mixing in special flows over a rearrangement of segments and in
smooth flows on surfaces. Mat. Sb. (N.S.) 96 (138) (1975), 471-502.
[17] Ya. Pesin, Characteristic Ljapunov exponents, and smooth ergodic theory.
Russian Math. Surveys 32 (1977), no. 4 (196), 55-112.
[18] Scottish Book, http://kielich.amu.edu.pl/Stefan Banach/e-scottish-book.html.
[19] L. G. Shnirelman, An example of a transformation of the plane (Russian).
Proc. Don Polytechnic Inst (Novochekassk) 14 (Science section, Fis-math.
part) (1930), 64-74.
[20] P. Walter, An introduction to ergodic theory. Graduate Texts in Mathematics,
79. Springer-Verlag, New York-Berlin, 1982.
Barney Bramham, Institute for Advanced Study, Princeton, NJ 08540
E-mail address: bramham@ias.edu
